The Josephson effect in superconductor / semiconductor / superconductor junctions is discussed, where semiconductors are in the localization-transport regime. The temperature dependence of the critical Josephson current (J c ) in a single sample is very different from those in other samples. Thus it is impossible to predict the Josephson current in experiments from the ensemble average of the Josephson current in theories. A variety in the temperature-dependence of J c can be understood by an analysis of the normal conductance near the Fermi energy. In some samples, we find that J c first increases with decreasing temperatures then decreases in agreement with an recent experiment.
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I. INTRODUCTION
Over the past few decades a considerable number of studies have been made on the dc Josephson effect. 1, 2 In recent years, the Josephson effect has been investigated in superconductor/semiconductor/superconductor ͑S-Sm-S͒ junctions, where the Josephson current flows through twodimensional or quasi-one-dimensional electron systems in semiconductors. 3 So far the Josephson effect has been discussed when the normal metal is in the ballistic or the diffusive transport regime. 1, 2 The quasiclassical Green function method, the diagrammatic expansion, and the random matrix theory are useful theoretical tools to study the Josephson current in these transport regimes. In two or quasi-one dimensions, however, a wave function of a quasiparticle is essentially localized owing to the disorder in the system. 4 Effects of the ͑Anderson͒ localization on the Josephson current are expected at very low temperatures. In an experiment, it was found that the amplitude of the critical Josephson current (J c ) first increases with decreasing temperatures, then decreases in S-Sm-S junctions. 5, 6 At present, there is no reasonable explanation for this nonmonotonic temperature dependence of the Josephson current. The Josephson current in the localization regime was also observed in another experiment, 7 where the indium-oxide thin films were the Anderson insulators. In general, it is difficult to study analytically the Josephson current through the Anderson insulators in the strong localization regime.
In this paper, we study the Josephson current in S-Sm-S junctions by using the recursive Green function method. 8, 9 The Josephson current can be numerically calculated in an arbitrary degree of disorder in semiconductors; this is an advantage of the recursive Green function method. When semiconductors are in the diffusive regime, l ӶLӶ AL , the ensemble average of J c increases with decreasing temperatures, 1 where 2 AL is the localization length of a wave function at the Fermi energy, L is the length of the semiconductors, and l is the elastic mean free path of a quasiparticle. It is known that J c is proportional to e ϪL/ D in high temperatures, where D ϵͱD 0 /2T is the coherence length, T is the temperature and D 0 is the diffusion constant in semiconductors. In the localization regime AL ӶL, our numerical results show that the ensemble average of ln(J c ) is proportional to ϪL/ JC with JC ϭmin( AL , D ). The dependence of J c on temperatures in a single sample is, however, very different from those in other samples. We find three typical behaviors of the Josephson current. A variety in the temperature dependence of J c can be understood by analyzing the normal conductance near the Fermi energy. In the localization regime, the normal conductance in a single sample (G N ) has irregular peak structures when we plot G N as a function of the Fermi energy. At these resonant peaks, the transmission probability of semiconductors is of the order of unity. In off-resonant states between these peaks, the transmission probability is almost zero. When the Fermi energy is in the resonant peaks or far from any resonant peaks, J c monotonically increases with decreasing T. Conversely, when the Fermi energy is near the resonant peaks but still in the off-resonant states, J c first increases with decreasing temperatures then decreases. We think that the reentrant behavior in our simulation corresponds to that found in the experiment. 5 Throughout this paper, we take units of បϭk B ϭ1.
This paper is organized as follows. In Sec. II, we explain the theoretical model and the method of numerical simulation. Numerical results of the Josephson current are shown in Sec. III. The discussion is given in Sec. IV. We summarize this paper in Sec. V.
II. MODEL AND METHOD
Let us consider the S-Sm-S junction on the quasi-onedimensional tight-binding lattice as shown in Fig. 1 , where ( j,m) labels the lattice site, and W is the number of lattice Throughout this paper, we fix Wϭ20, F ϭ2.0t, Vϭ3.0t, and ⌬ 0 ϭ0.01t. In semiconductors, the number of propagating channels at the Fermi energy is 10 in these parameters. The BCS Hamiltonian is diagonalized by the Bogoliubov transformation
where u and v are the wave functions of a quasiparticle which satisfy the Bogoliubov-de Gennes ͑BdG͒ equation. 10 To solve the BdG equation, we apply the recursive Green function method 9 and calculate the Matsubara Green function in a matrix form,
where n ϭ(2nϩ1)T is the Matsubara frequency. The wave function ⌿ ( j) has 2W components, and the mth ͓the
We note that J( j) is independent of j when we consider the direct-current Josephson effect. In a conventional way for calculating the Josephson current, we first estimate the energy of the Andreev bound states of the junction. Then the Josephson current is given by the derivative of the energy with respect to the phase-difference between two superconductors. In 1991, Furusaki and Tsukada established an alternative method, 11 where the Josephson current is described by the two Andreev reflection 12 coefficients. These two methods yield exactly the same Josephson current even though the way of calculation are different from each other. Furusaki and Tsukada also showed a relation between the Josephson current and the spacederivative of the Matsubara Green function which is shown in Eq. ͑4͒. We note here that Eq. ͑4͒ is a useful expression when we numerically calculate the Josephson current by using the lattice-Green function method. The details of the simulation are given in Ref. 9 .
III. RESULT
We numerically calculate the normal conductance (G N ) at Tϭ0 by using the conventional recursive Green function method, 8 where the two superconductors in Fig. 1 are replaced by perfect normal lead wires and the last term in Eq. ͑1͒ is deleted. In For comparison, we first show numerical results of the Josephson current in the diffusive regime. When semiconductors are in the diffusive transport regime, the ensemble average of the critical Josephson current is given by 1, 13 ͗J c ͘ϭJ 0 2
where ͗R N ͘ is the normal resistance of semiconductors. We note that ͗J c ͘ is proportional to e ϪL/ D in high temperatures. In Fig. 3 , we show the critical Josephson current as a function of temperatures for several samples with different random impurity configurations, where Lϭ40, and we fix the phase difference ␦ϭ L Ϫ R at /2. There are finite sample-to-sample fluctuations in J c , 14, 15 but the Josephson current in a single sample is well described by ͗J c ͘ which is denoted by the solid line and is well explained by the analytical expression in Eq. ͑5͒. In recent papers, 16 -18 it was pointed out that Eq. ͑5͒ is not correct in low temperatures and the nonsinusoidal current-phase relation is observed. As a result, the Josephson current takes its maximum at ␦ Ͼ/2. In this paper, we approximately use Eq. ͑5͒ because the purpose of this paragraph is to confirm the two characteristic features of the Josephson current in the diffusive regime, i.e., ͑i͒ J c monotonically increases with decreasing T, and ͑ii͒ J c in a specific sample is well described by ͗J c ͘. The numerical results show that JC ϳ D in high temperatures and JC approaches to AL in the limit of the zerotemperature. Thus we conclude that JC ϭmin( AL , D ). We define T 0 by an equation
and it is about 0.075T c in Fig. 4 . Effects of the localization on the Josephson current are expected at low temperatures for TϽT 0 .
In the localization regime, the sample-to-sample fluctua- 6͑c͒ we show the Josephson current as a function of temperatures for several samples. Scales of the vertical axis in ͑a͒, ͑b͒ and ͑c͒ are different order in magnitude although degree of randomness in semiconductors are the same for all samples: which arises the large fluctuations in the Josephson current. We find three typical temperature-dependence of J c in Fig. 6 : ͑i͒ J c increases with decreasing T then saturates in low temperatures, ͑ii͒ J c shows no saturation even in low temperatures, and ͑iii͒ J c first increases with decreasing T then decreases. We believe that the reentrant behavior in ͑iii͒ corresponds to that observed in the experiment. 5 The electronic states near the Fermi energy are responsible for a variety in the temperature-dependence of J c in the localization regime. To make this point clear, we plot the normal conductance in a single sample as a function of the Fermi energy in Fig. 7 , where Lϭ300. The Fermi energy is given by F ϭ2.0tϩ␦ F . There are number of irregular conductance peaks. The electronic states at these peaks are characterized by a relatively large localization length and the transmission probabilities have large values of the order of unity. Thus these peaks are understood in terms of the resonant transmission peaks. Conversely, the transmission probabilities are very small in off-resonant states between these conductance peaks. The peak structures are a typical behavior of the conductance in the localization regime and reflect the sample-specific impurity configuration.
In Fig. 8 , we show typical temperature dependences of the Josephson current in three samples with Lϭ300. In the insets, the normal conductance in these samples is plotted as a function of the Fermi energy, where a vertical broken line indicates F ϭ2.0t.
When the Fermi energy is in off-resonant states, the Josephson current increases with decreasing temperatures for T/T c Ͼ0.03 as shown in Fig. 8͑a͒ . In low temperatures for T/T c Ͻ0.03, J c saturates. This saturation in very low temperatures is one of the characteristic behavior of J c in localization regime. Actually 0.03T c is close to T 0 ϭ0.075T c in Eq. ͑8͒. It is known that the critical current in superconductor/insulator/superconductor ͑SIS͒ junctions 19 saturates in low temperatures. The current expression in SIS is given by
͑10͒
In SIS systems, we implicitly assume that the coherence length is always longer than the thickness of the insulators. The essential difference between Eqs. ͑5͒ and ͑9͒ is the coherence factor in normal metals n /sinh n in Eq. ͑5͒ which limits the region of the phase-coherent transport at finite temperatures. The Andreev reflection at junction interfaces arises 
. 20 In the diffusive regime, the coherence factor increases with decreasing T, which characterizes the dependence of ͗J c ͘ on temperatures. At T ϭ0, the coherence factor becomes unity, which means that a quasiparticle can travel all over the normal metal without losing the phase coherence. In the localization regime, it is reasonable to consider that some coherence factor ͓F( n )͔ describes the spatial region of the phase-coherent propagation. Although we cannot give a microscopic expression of F( n ), the Josephson current may be described by an equation
In high temperatures for TϾT 0 , F may increase with decreasing temperature. However, for TϽT 0 , F must be a constant independent of temperatures because the motion of a quasiparticle is limited within the localization length. As a consequence, the current expression is equivalent to Eq. ͑9͒ which leads to the saturation of J c in low temperatures. When the Fermi energy is in one of resonant peaks as shown in Fig. 8͑b͒ , J c monotonically increases with T. This is a typical behavior of the resonant transmission in low temperatures. We do not have to consider coherence factors in this case because the resonant peak itself is a result of the phase-coherence of a quasiparticle.
The most interesting behavior of J c in the localization regime is shown in Fig. 8͑c͒ , where the Fermi energy is close to one of the resonant peaks but still in the off-resonant states as shown in the inset. When temperatures are higher than the difference between the Fermi energy and the resonant peak, the resonant states can contribute to the Josephson current. The resonant states, however, cannot contribute to the current when the temperatures are lower than the difference between the Fermi energy and the resonant peak. This explains the reentrant behavior of J c in ͑c͒. Since the Fermi energy is at the off-resonant states, J c saturates in low temperatures. In the experiment, 5 the reentrant behavior of J c was reported. The calculated results indicate that the resonant states in the Anderson insulators is one of possible candidate to explain the experimental results of J c .
IV. DISCUSSION
At finite temperatures, variable range hopping 21 ͑VRH͒ dominates the temperature-dependence of the conductance in the strong localization regime. In this paper, the Josephson current stemming from VRH is not taken into account. We think, however, that such inelastic propagating processes do not contribute to the Josephson current because a quasiparticle loses its phase memory while VRH occurs.
When semiconductors are in the diffusive regime, ͗J c ͘ means the expected values of experimental measurements in a single sample. On the other hand, in the localization regime, the characteristic behavior of the Josephson current in a single sample depend strongly on microscopic information of the sample such as the impurity configuration. As a result, ͗J c ͘ does not predict any experiments for a single sample. We note here that we reach almost the same conclusion when the diffusive normal metal is sandwiched between two anisotropic superconductors. 20 In these systems, ͗J c ͘ vanishes for all temperatures when a node plane of the pair potential is perpendicular to the junction interface. 22 However, the Josephson current in a single sample remains a finite value. 13 Since the Josephson current is a result of the phase coherence of a quasiparticle, ͗J c ͘ sometimes loses its physical meaning.
In this paper, we assume s-wave superconductors. In the case of anisotropic superconductors, effects of zero-energy-states [23] [24] [25] on the Josephson current in the localization regime may be an important problem. We have already developed the method of the numerical simulation in d-wave superconductors. 26 This issue will be addressed, and results will be given elsewhere.
V. CONCLUSION
We have studied the dc Josephson effect in S-Sm-S junctions, where semiconductors are in the localization-transport regime. The Josephson current is numerically calculated by using the lattice recursive Green function method. The decay length of the ensemble averaged Josephson current is given by the coherence length for high temperatures. In low temperatures, the decay length approaches the localization length of the normal conductance. The ensemble averaged values, however, cannot explain the characteristic behavior of the Josephson current in a single sample because the Josephson current is a result of the phase coherence of a quasiparticle. The temperature dependence of the Josephson current in a single sample is very different from that in other samples. The variety in the temperature dependence of J c can be explained by analyzing the normal conductance near the Fermi energy. When the Fermi energy is near a resonant conductance peak, J c first increases with decreasing temperatures then decreases. This reentrant behavior in J c is consistent with that observed in an experiment.
